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Abstract
The purpose of this note is to point out that if there are some machines that do not process any
job and hence is inactive in the planning horizon then the lower bound of makespan provided by
Lee (1991) in the above mentioned paper may not be a valid one. Furthermore, the error bound
of applying the Longest Processing Time (LPT) algorithm to the problem can be tightened if
the number of active machines is smaller than the total number of machines. ? 2000 Elsevier
Science B.V. All rights reserved.
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In the above-mentioned paper, Lee [1] considers a scheduling problem where there
are n jobs to be processed in m parallel identical machines with the objective of
minimizing the makespan yet the machines may not be available simultaneously at
time zero. Let aj be the available time for machine j; j = 1; : : : ; m; and pi be the
processing time of job i; i = 1; : : : ; n. Without loss of generality, we assume that
06a16a26   6am. With these availability constraints, Lee uses L = (
∑m
j=1 aj
+
∑n
i=1 pi)=m as a lower bound for the optimal makespan where he implicitly as-
sumes that each machine will process at least one job assigned in the current planning
horizon. He shows that the makespan obtained by applying LPT (longest processing
time rst) algorithm to this problem satises CLPT6( 32 − 1=(2m))C, where C is the
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optimal makespan and CLPT is the makespan obtained by applying LPT algorithm to the
problem. He then provides a modied LPT (MLPT) algorithm to solve the problem
and shows that CMLPT6( 43 )C
, where CMLPT is the makespan obtained by applying
MLPT algorithm to the problem.
The purpose of this note is to point out that if there are some machines that do not
process any job and hence are inactive in the current planning horizon then the lower
bound L may not be a valid one. Furthermore, LPT algorithm results in CLPT6( 32
− 1=(2m0))C where m06m and will be identied later. The value of m0 will also be
used to modify L to make it a valid one if necessary. Hence, we get a tighter error
bound if m0 <m.
In some cases, it is possible to have machines that will not process any jobs to be
assigned in current planning horizon. For example, if aj is a very large number, then
machine j may not process any job and hence is inactive in the current horizon. For
example, consider a 6-job 4-machine instance with processing times =(6; 4; 2; 1; 1; 1)
and machine available times =(8; 4; 2; 0), respectively. The optimal makespan and the
makespan obtained by LPT schedule are both equal to 7. However, L=(15+14)=4> 7.
Therefore, L is not a valid lower bound. This is due to the fact that machine 1 is
inactive in both optimal and LPT schedules.
If we know the number of active machines say m0, then L has to be adjusted to
L0=(
∑
aj+
∑n
i=1 pi)=m
0 where the rst summation is taken over all active machines j.
Unfortunately, there is no obvious way to decide which machines should actually be ac-
tive in an optimal schedule. Nonetheless, we are able to identify at least those machines
that are surely inactive in any list schedule. Also, fortunately, we are able to obtain
a valid lower bound by using this information. More specically, the last (m − m0)
machines are actually inactive as long as am′+1> (
∑m′
j=1 aj +
∑n
i=1 pi)=m
0 = L0 since
in any list schedule there must be at least one machine that has already completed
all its jobs before machine m0 + 1 becomes available. The value of m0 can be identi-
ed easily by nding the smallest m0 such that am′+1> (
∑m′
j=1 aj +
∑n
i=1 pi)=m
0. Un-
der such a choice of m0; am′6(
∑m′
j=1 aj +
∑n
i=1 pi)=m
0 and hence ak6am′6(
∑m′
j=1 aj
+
∑n
i=1 pi)=m
0= L0 for k =1; : : : ; m0. Clearly L0 is a valid lower bound for the optimal
makespan since in any schedule there must be at least one machine that completed all
its jobs not earlier than L0.
It is important to note that the value of m0 identied above only implies that (m−m0)
machines should be inactive in any list schedule. It does not imply that the other m0
machines should be all active in optimal schedule. Nonetheless, (
∑m′
j=1 aj+
∑n
i=1 pi)=m
0
did serve as a valid lower bound. Hence following the same proof as that in Lee [1],
we can show that CLPT6( 32 − 1=(2m0))C. An example can be provided to show that
the bound is tight. Hence, we get a tighter error bound if m0<m.
We can now draw our conclusion. Use the above method to identify m0. If m0 =m,
then the lower bound L provided in Lee [1] is valid and the lower bound pro-
vided in Lee is also tight. Otherwise, we need to adjust the lower bound from L
to L0 = (
∑m′
j=1 aj +
∑n
i=1 pi)=m
0 and then follow the same proof as that in Lee to get
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a tighter bound: CLPT6( 32 − 1=(2m0))C. It is also worth noting that the error bound,
CMLPT6( 43 )C
, provided in Lee for the Modied LPT algorithm still holds and is tight
even if m>m0.
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